Introduction {#Sec1}
============

To better understand plant development, it is important to analyse how the microscopic structure of plant tissues and organs impacts their mechanical properties. The elastic properties of plant tissues are strongly determined by the mechanical properties of the cell walls surrounding plant cells and by the cross-linked pectin network of the middle lamella which joins individual cells together. Primary cell walls of plant cells consist mainly of oriented cellulose microfibrils, pectin, hemicellulose, proteins, and water. The orientation, length, and high tensile strength of the microfibrils strongly influence the wall's stiffness. Hemicelluloses form hydrogen bonds with the surface of cellulose microfibrils, which may affect the mechanical strength of the cell wall by creating a microfibril--hemicellulose network (Somerville et al. [@CR32]). Pectin, once it is de-esterified and cross-linked with calcium ions, forms a gel within the primary cell wall and middle lamella and is hypothesized to be one of the main regulators of cell wall elasticity (Wolf et al. [@CR37]).

Since the turgor pressure acts isotropically, it is the microstructure of the cell walls, e.g. the orientation of the cellulose microfibrils, which determines the anisotropic deformation and expansion of plant cells. Many plant cells, especially cells in plant roots and stem tissues, have a primary direction of expansion and less expansion takes place in the directions orthogonal to it; see, e.g. Green ([@CR12]) and Probine and Preston ([@CR28]). It is well known that cellulose microfibrils are parallel to the sides of primary cell walls and, particularly in young cells, perpendicular to the main direction of extension and growth (Green [@CR13]; MacKinnon et al. [@CR22]; Sugimato et al. [@CR33]; Szymanski and Cosgrove [@CR34]). While the cells are elongating, the microfibrils may reorientate in the main direction of growth (Anderson et al. [@CR1]). For plant cells whose shape can be approximated by a prism or cylinder with the axis aligned with the primary direction of expansion, the microfibrils within the cell walls making up the sides of the cell are parallel to the sides and perpendicular to the axis of the cell or create a plywood-like microstructure of rotated layers of microfibrils. However, the orientation of the microfibrils in the upper and lower parts of plant cells does not appear to be known, possibly due to restrictions in imaging these parts of the cell walls.

Due to the impact of cell wall anisotropy on plant tissue biomechanics and the importance of multiscale modelling of plant biomechanics (Baskin [@CR2]; Baskin and Jensen [@CR3]; Jensen and Fozard [@CR19]), knowing the orientation of the microfibrils in each part of the plant cell walls and the qualitative and quantitative impact of the microfibrils orientation and distribution on the mechanical properties of cell walls and tissues is essential.

Different modelling approaches have been used to account for the impact of the microstructure and anisotropy of plant cell walls on the mechanical properties and growth of plant cells and tissues. In Veytsman and Cosgrove ([@CR36]), the microstructure of cell walls was addressed by distinguishing between the free energies related to the elasticity of macromolecules and hydrogen bonds, respectively. The theory of anisotropic visco-plasticity and a thin shell model were used in Dumais et al. ([@CR7]) to describe the anisotropic growth of a tip of a plant cell. The "decomposition approach" (the splitting of the deformation tensor into an elastic and a growth part) has been applied to model the growth of a part of a cell wall and its hardening due to changes in the chemical properties of the cell wall matrix (Huang et al. [@CR17]). Here the impact of microfibrils aligned in the direction orthogonal to the main direction of expansion was addressed phenomenologically in the free energy function. The impact of the dynamics of hemicellulose cross-links on the growth of a plant cell wall was analysed in Dyson et al. ([@CR8]). It was shown using a mathematical model for hemicellulose cross-link dynamics that the strain-induced cross-link breakages influence the yield stress, whereas enzymes soften the wall in its pre-yield state. In Dyson and Jensen ([@CR9]), the influence of microfibril orientation and the external torque on the expansion process was analysed by representing the primary cell wall as a thin axisymmetric fibre-reinforced viscous sheet and assuming that fibres are stretched and reoriented by the flow. A vertex-element model for plant tissue deformation and growth was considered in Fozard et al. ([@CR11]). The impact of microfibrils on the mechanical properties of cell walls was accounted for by introducing an anisotropic viscous stress which depends on a pair of microfibril directions.

In previous works, the influence of the anisotropic microstructure and of the orientation of microfibrils on the mechanical properties of plant cell walls was considered by including the orientation of the microfibrils in the expression of the stress tensor in a phenomenological way. In this work we consider the microscopic structure of the cell walls explicitly and define a microscopic model for the elastic deformations of plant cell walls and tissues on the scale of the microfibrils. In such a way we can consider different orientations of microfibrils explicitly and distinguish between the mechanical properties of the microfibrils and the cell wall matrix. Using multiscale analysis techniques, we rigorously derive macroscopic properties for the cell wall from a microscopic description and analyse the impact of the microscopic structure on the elastic deformations of cells in a more detailed way. Our model also accounts for the distribution of forces between the cells.

In this paper we investigate the impact of the orientation of the cellulose microfibrils in the upper and lower parts of cell walls and of a rotated (plywood-like) distribution of microfibrils in the side walls on the elastic deformation of the plant cell walls and tissues using multiscale modelling and numerical simulations. Modelling plant cells as square prisms with rounded edges, we consider a part of a plant tissue represented by a "central" cell surrounded by cells on all sides. The cell walls and middle lamella are modelled as linearly elastic materials, and on the internal boundaries we specify traction boundary conditions to represent the turgor pressure. Within the sides of the cell walls, we consider the cases where the cellulose microfibrils are either arranged periodically, see, e.g. Thomas et al. ([@CR35]), or are arranged so that their orientation changes through the thickness of the cell wall; see, e.g. Anderson et al. ([@CR1]). The length scale of the microfibrils (their diameter and separation distance between microfibrils) is much smaller than the length scale associated with the thickness of the cell wall. This smaller length scale will be referred to as the microscale, while the scale associated with the dimensions of the cell wall is called the macroscale. To obtain the elastic properties of the primary cell wall, we follow (Ptashnyk and Seguin [@CR30]) and use techniques of periodic homogenization to determine a macroscopic (effective) elasticity tensor that depends on the orientation of the microfibrils on the microscale. It was observed experimentally that calcium--pectin cross-links influence the mechanical properties of the cell wall matrix and middle lamella, e.g. Wolf et al. ([@CR37]). The impact of the density of the calcium--pectin cross-links on the elastic properties of the cell walls is modelled through the Young's modulus of the isotropic cell wall matrix. Since it is known that the microfibrils are not isotropic (Diddens et al. [@CR6]), they are assumed to be transversely isotropic. The macroscopic (effective) elasticity tensor for the cell walls is determined from the microscopic description of the mechanical properties of the microfibrils and cell wall matrix by solving numerically the corresponding problems defined on a Representative Volume Element (RVE), which reflect the underlying microscopic structure of the cell walls. Then, using the macroscopic elasticity tensor for different microfibril orientations, we solve numerically the equations of linear elasticity in a domain corresponding to a part of a plant tissue with different traction boundary conditions. The effect of a shift in the position of neighbouring cells relative to each other on the elastic deformations of a plant tissue is analysed by considered two different configurations: one with cells shifted relative to each other and another where the cells are distributed symmetrically without a shift in their position relative to each other. The impact of the microfibrils reorientation, observed experimentally in Anderson et al. ([@CR1]), is analysed by considering the spatially dependent rotation of the effective elasticity tensor. In this article we consider elastic deformations of plant cell walls and tissues. Using the "decomposition approach" and splitting the deformation gradient into an elastic and growth part, it is possible that these results can be extended to analyse the interactions between the microstructure of plant cell walls and growth.

We find that different configurations of orientations of microfibrils in the upper and lower parts of the cell walls do have an impact on the elastic deformation of the plant cell walls and tissues in the directions parallel to the upper and lower parts of the cell walls and have little effect on the expansion of the cells in the direction of their axes. For a plant tissue with a staggered distribution of cells, the arrangement of the microfibrils in the upper and lower parts of the cell walls has an impact on the elastic deformation also in the absence of external forces, in contrast to a plant tissue without a shift in the positions of cells relative to the neighbouring cells. In the case where the microstructure in the side walls of the cells is defined by layers of microfibrils rotated through the wall thickness, we obtain a much smaller expansion in the direction of the cell's axis and the orientation of the microfibrils in the upper and lower parts impacts the deformation in the directions orthogonal to the cell's axis. We also observe that for a plant tissue without a shift in the positions of the cells relative to the neighbouring cells, the maximal displacements in the directions orthogonal to the cell's axis are smaller than in the case of a staggered distribution of cells. We also find that the expansion of the cell in the direction of its axis is smaller for shorter cells, which is in accord with Hooke's law. The difference in the values of the turgor pressure in the neighbouring cells causes larger deformations in the directions parallel to the upper and lower parts of the cell walls.

The outline of the paper is as follows. In Sect. [2](#Sec2){ref-type="sec"}, we specify our model for plant tissue biomechanics. We consider the elastic deformation of the primary cell walls joined by middle lamella and the cell inside is modelled by prescribing a turgor pressure. Next, in Sect. [3](#Sec6){ref-type="sec"}, the results of numerical simulations and a discussion of simulation results are presented. Concluding discussions are presented in Sect. [4](#Sec10){ref-type="sec"}.

Statement of the Mathematical Model for Plant Tissue Biomechanics {#Sec2}
=================================================================

We start by presenting our model for the elastic deformations of a part of a plant tissue. This section is divided into three parts: a description of the geometry of the domain, the presentation of the governing equations and boundary conditions, and the specification of the elasticity tensor in the domains representing the different parts of plant cell walls and middle lamella.

Geometry {#Sec3}
--------

Our geometry is motivated by the structure of cells and tissues in young plant roots. Based on representative values from scanned images of plant root cells in the elongation zone (private communication), we assume that the length of a cell is $\documentclass[12pt]{minimal}
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Model Equations and Boundary Conditions {#Sec4}
---------------------------------------

The primary cell walls and the middle lamella are modelled as linearly elastic materials with different elastic properties. Let $\documentclass[12pt]{minimal}
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The Elasticity Tensor {#Sec5}
---------------------

Next, we specify the elasticity tensor $\documentclass[12pt]{minimal}
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We assume that the middle lamella is isotropic, with elasticity tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {E}_{ML}$$\end{document}$, and has a Young's modulus of 15 MPa and Poisson's ratio of 0.3. It is known from experiments that the density of calcium--pectin cross-links strongly influences the elastic properties of the cell wall matrix and middle lamella (Wolf et al. [@CR37]). Thus, since in the middle lamella almost all pectin is de-esterified and the density of the pectin--calcium cross-links is higher than in the cell wall matrix, where usually only $\documentclass[12pt]{minimal}
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We first consider that the cellulose microfibrils are arranged periodically within the cell wall matrix (Thomas et al. [@CR35]) and so standard techniques in homogenization theory, see e.g. Oleinik et al. ([@CR25]), yield a macroscopic elasticity tensor for a plant cell wall from the microscopic description of the mechanical properties of a cell wall on the level of a single microfibril. In addition to the elastic properties of the microfibrils and cell wall matrix, the macroscopic elasticity tensor depends on the orientation of the cellulose microfibrils. The components of this tensor are determined by solving problems defined on a Representative Volume Element (RVE), in the homogenization literature called the "unit cell" problem, which have the form of the equations of linear elasticity and reflect the arrangement of the microfibrils in different parts of the cell walls. Notice that the multiscale analysis of the microscopic model is preformed for the nondimensionalized model equations and the dimensional quantities are then recovered in the macroscopic equations, while the problem defined on the RVE is dimensionless.

The microscopic structure in a plant cell wall is determined by the radius and orientation of microfibrils and by the distance between the microfibrils. In the context of homogenization theory, the microstructure of the cell wall is characterized by the configuration of microfibrils in the corresponding RVE. Three types of configurations of microfibrils are considered here:there is only one microfibril in the RVE $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_F$$\end{document}$, defining different RVEs and different microfibrils configurations.Fig. 7A depiction of the Representative Volume Element (RVE) *Y* with three configurations of microfibrils. **a** A picture of the RVE with one microfibril occupying the set specified in ([5](#Equ5){ref-type=""}). **b** A picture of the RVE with two microfibrils occupying the set specified in ([6](#Equ6){ref-type=""}). **c** A picture of the RVE with two microfibrils occupying the set specified in ([7](#Equ7){ref-type=""}), reflecting a lower density in the distribution of microfibrils in the $\documentclass[12pt]{minimal}
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Results of Numerical Simulations {#Sec6}
================================

This section presents the results of the numerical simulations of the problems ([9](#Equ9){ref-type=""}) and ([11](#Equ11){ref-type=""}) necessary to calculate the macroscopic elasticity tensors $\documentclass[12pt]{minimal}
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The numerical simulations were performed using FEniCS (Logg et al. [@CR20]; Logg and Wells [@CR21]; Ølgaard and Wells [@CR26]). This involved discretizing the domain using a nonuniform mesh and applying the continuous Galerkin method to solve the equations of linear elasticity. The resulting linear system was solved using the iterative Krylov solver, i.e. the general minimal residual method (GMRES), with an algebraic multigrid preconditioner. The convergence and the stopping criteria for the iterative Krylov solver are characterized by the norm of the residual of the *n*th iteration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_n=Ax_n-b$$\end{document}$ for the corresponding linear system $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Ax=b$$\end{document}$, obtained by applying the Galerkin method to the system of linear elasticity, which must be smaller than the absolute tolerance parameter, chosen to be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^{-15}$$\end{document}$, and the relative tolerance parameter, chosen to be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^{-6}$$\end{document}$, times the initial residual.

Numerical Simulations for the Problems Defined on the Representative Volume Element (RVE) that Determine the Macroscopic (Effective) Elasticity Tensor {#Sec7}
------------------------------------------------------------------------------------------------------------------------------------------------------

It was observed experimentally that the calcium--pectin chemistry influences the mechanical properties of the cell wall matrix and middle lamella (Wolf et al. [@CR37]). Hence in general, the elastic properties of the cell wall matrix depend on the density of the calcium--pectin cross-links *n* and the microscopic elasticity tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$E_M$$\end{document}$. Then, using ([13](#Equ13){ref-type=""}), we obtain the macroscopic elasticity tensor for the cell wall for any calcium--pectin cross-links density *n*. This approach enables us to analyse the changes in the mechanical properties of plant cell walls and tissues in response to the dynamics of calcium--pectin chemistry and changes in calcium--pectin cross-link density, which will be the subject of future research.

To obtain the macroscopic elasticity tensor, we first calculate numerically $\documentclass[12pt]{minimal}
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For the numerical calculations of the effective elasticity tensors for the microscopic structures given by the RVE *Y* and the domain occupied by microfibrils $\documentclass[12pt]{minimal}
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The results of this section allow us to compute the elasticity tensor for any Young's modulus of the cell wall matrix; however, in the following analysis, we only consider the case where $\documentclass[12pt]{minimal}
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Numerical Simulations of Problem ([4](#Equ4){ref-type=""}) for Different Boundary Conditions and Microfibril Orientations in the Upper and Lower Parts of Cell Walls and in the Side Walls {#Sec8}
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Using the numerical results for the effective elasticity tensor for different microfibril orientations, in this section we consider different microfibril orientations in the eight subregions corresponding to the upper and lower parts of the cell walls and different specifications of the turgor pressure *p* and tensile force *f* in problem ([4](#Equ4){ref-type=""}). We also consider two scenarios for the microfibril orientation in the side walls: (a) the microfibrils are parallel to the cell walls and orthogonal to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3$$\end{document}$-axis and (b) the layers of the microfibrils are rotated through the cell wall thickness.
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For each of these boundary conditions, we consider five different configurations of the microfibrils in the eight subregions corresponding to the lower and upper parts of the cell walls; see Fig. [8](#Fig8){ref-type="fig"}. (C1)In subregions $\documentclass[12pt]{minimal}
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Fig. 8**a** A depiction of the orientation of the cellulose microfibrils in (C1). **b** A depiction of the orientation of the cellulose microfibrils in (C2)

As a base case for the geometry, we consider the domain $\documentclass[12pt]{minimal}
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The results of the numerical simulations of the system ([4](#Equ4){ref-type=""}) with the boundary conditions (BC1)--(BC3) for the base case of the geometry for the configurations (C1)--(C4) in the upper and lower parts of the cell walls and the microfibrils in the side walls oriented orthogonal to the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-axis are shown in Tables [4](#Tab4){ref-type="table"}, [6](#Tab6){ref-type="table"}, [7](#Tab7){ref-type="table"}, and [8](#Tab8){ref-type="table"} and Figs. [9](#Fig9){ref-type="fig"} and [12](#Fig12){ref-type="fig"}. For the boundary condition (BC1) and the configurations (C1)--(C4), we also consider the microscopic structure in the side walls defined by the layers of microfibrils rotated through the wall thickness; see Table [5](#Tab5){ref-type="table"} and Fig. [10](#Fig10){ref-type="fig"}.Table 4The maximum and minimum values of the diagonal components of the strain tensor, divergence of the displacement, and the maximal displacement in the positive and negative $\documentclass[12pt]{minimal}
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If the microfibrils in the side walls are rotated through the thickness of the wall, for the (C1) and (C2) configurations and the boundary condition (BC1) the maximal displacements in the positive and negative $\documentclass[12pt]{minimal}
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In the case where all four pairs of cells are shifted relative to each other, for configurations (C1), (C2), and (C3) and boundary condition (BC1) the locations where the maximal values of the displacement occur are similar to the base case, but for configuration (C4) the maximal values of the displacement in the $\documentclass[12pt]{minimal}
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For the geometry without a shift in the positions of the cells and boundary condition (BC1), the distribution of the maximal displacements is similar to the base case, in that for the configurations (C1), (C2), and (C4) the maximal displacements in the $\documentclass[12pt]{minimal}
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Discussion of Results of Numerical Simulations {#Sec9}
----------------------------------------------

The data in Tables [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"}, [6](#Tab6){ref-type="table"}, [7](#Tab7){ref-type="table"}, [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"} and [10](#Tab10){ref-type="table"} tell us several things about the impact of the presence and orientation of the cellulose microfibrils in the upper and lower parts and in the sides of the cell walls on the elastic deformation of the plant cell walls and tissues. Here a few main results are highlighted by emphazising certain data: (i) italic values contain results representing the main impact of the orientation of the microfibrils in the upper and lower parts of the cell wall; (ii) data in bold highlight the impact of applied forces and of the microstructure in the side walls on the elongation of the cells; (iii) data in bold italic indicate the effect of the microscopic structure (orientation of microfibrils in the side walls of the plant cell walls and distribution of cells in the tissue) on the strain; and (iv) with underline, we mark results that are unique to specific microfibril orientations, boundary conditions and the distribution of cells in the plant tissue.

In the case where the microfibrils in the side walls are oriented perpendicular to the cell axis, the presence and orientation of the cellulose microfibrils in the upper and lower parts of the cell wall have little effect on the expansion of the cells in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-direction in the lower parts of the cell walls (marked with underline in Table [7](#Tab7){ref-type="table"}). This is related to the difference in the microfibril orientation in the upper and lower parts in configuration (C2) and to the difference in the turgor pressure in the neighbouring cells in boundary condition (B3). The difference in the maximal displacements for different microfibril configurations in the upper and lower parts of the cell walls for the boundary conditions (BC2) and (BC3) was less noticeable in the case of a symmetric distribution of cells without a shift in the position of the cells along the $\documentclass[12pt]{minimal}
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In the case where all four pairs of cells are shifted relative to each other, the noticeable difference to the base case is that for configuration (C4) the maximal values of the displacement in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-direction occur in the lower and upper parts of the cell wall; see Fig. [11](#Fig11){ref-type="fig"} and Table [9](#Tab9){ref-type="table"} (marked with underline). The fact that the maximal values for the displacement in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-direction occur on the upper and lower parts of the cell walls is related to the large size of the corresponding upper cell and is not related to the fact that a zero normal displacement at $\documentclass[12pt]{minimal}
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                \begin{document}$$x_2=x_{2, \mathrm max}$$\end{document}$ was imposed instead, date not shown). Also, for the domain with all four pairs of cells shifted, we have higher maximal values for the strain and the displacement (especially in the negative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$- and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2$$\end{document}$-directions) than in the base case; see Tables [4](#Tab4){ref-type="table"} and [9](#Tab9){ref-type="table"}. This can be explained by the fact that the upper and lower parts of the cell walls are not equilibrated by the upper and lower parts from the neighbouring cells and larger deformations and localized displacements of the side walls near the upper and lower parts of the cell walls are possible.

If the side walls comprise layers of the microfibrils rotated through the thickness of the cell wall, the maximal displacement in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3$$\end{document}$-direction is reduced by a factor of 14 compared to the case where the microfibrils are orthogonal to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3$$\end{document}$-axis, while a slight increase of the values of the displacements in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$- and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2$$\end{document}$-directions for configuration (C1), (C2), and (C4) and a slight decrease for configuration (C3) are observed; see Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"}. The orientation of microfibrils in the upper and lower parts of the cell walls has a similar impact as in the case where the microfibrils in the side walls are orthogonal to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{e}_{33}$$\end{document}$ is much higher in the rotated case. This indicates that the displacements are more concentrated in particular locations in the rotated case.

Different configurations of microfibrils in the upper and lower parts of the cell walls do not induce large variations in the maximal and minimal values of the divergence of the displacement or the diagonal components of the strain tensor, see Tables [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"}, [6](#Tab6){ref-type="table"}, [7](#Tab7){ref-type="table"} and [8](#Tab8){ref-type="table"} and Fig. [12](#Fig12){ref-type="fig"}, apart from the minimal values for $\documentclass[12pt]{minimal}
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Comparing the results for boundary conditions (BC2) and (BC3) in Tables [6](#Tab6){ref-type="table"} and [7](#Tab7){ref-type="table"}, we can see the effect of increasing pressures in some of the cells. First, notice that the displacements in the positive directions are larger in the case (BC3) than in the case (BC2). This is because in (BC3) the pressure in cells 2, 3, 6, and 7 is greater than in the (BC2) case. Also notice that in the case (BC3) the displacement in the positive $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-directions, which is caused by the position of the cells with the larger pressure. Namely, there is a pressure difference between the cells that are aligned in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_1$$\end{document}$-direction. Even though there are no tensile tractions on the sides of the domain for boundary conditions (BC2), due to the microscopic structure of the side walls, defined by the microfibrils orthogonal to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf e _{22}$$\end{document}$; see Table [6](#Tab6){ref-type="table"}. Also, the difference in the pressure in the neighbouring cells in boundary condition (BC3) induces extra strains; compare Tables [6](#Tab6){ref-type="table"} and [7](#Tab7){ref-type="table"}.

For a larger tensile traction, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\circ ,1}=0.209$$\end{document}$ MPa, we observe the same impact of the orientation of the microfibrils in the upper and lower parts of the cell walls as in the base case. We find that a 16.5 % increase in the tensile traction results in an approximately 13--16 % increase in the maximal and minimal values of the divergence of the displacement and the diagonal components of the strain tensor and in the maximal values of the displacements in the positive and negative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$-, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2$$\end{document}$-, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_3$$\end{document}$-directions (data not shown). The increase in the turgor pressure from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\circ ,1}=0.209$$\end{document}$ MPa to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\circ ,2}=0.3$$\end{document}$ MPa with the same value for the tensile traction boundary condition, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f=2.047p_{\circ ,2}$$\end{document}$, also results in a slight ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim $$\end{document}$5--10 %) increase in the corresponding values for the displacements, the diagonal components of the strain tensor and the divergence of the displacement; compare Tables [4](#Tab4){ref-type="table"} and [8](#Tab8){ref-type="table"}. The impact of the orientation of the microfibrils in the upper and lower parts of the cell walls is similar to the base case.

For a geometry with shorter cells (i.e. 1/2 of the length) and without a shift in the position of cells, the only significant difference is that the displacement in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-direction for the larger cells is twice the displacement for the smaller cells (data not showed). This is in accord with Hooke's law, which tells us that the elongation of an elastic bar under an applied load is a linear function of the length of the bar.

Discussion and Conclusion {#Sec10}
=========================

Our results indicate that in the case of (i) directed tensile forces applied to plant cells and tissues, (ii) tissue tension created by different values of turgor pressure in the neighbouring cells, and/or (iii) the staggered distribution of cells in plant tissues, the orientation of the microfibrils in the lower and upper parts of the cell walls plays a role and may be important for the expansion and development of plant tissues; see the italic values in Tables [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"}, [7](#Tab7){ref-type="table"}, [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"} and [10](#Tab10){ref-type="table"}. The orientation of the microfibrils in the upper and lower parts of plant cell walls has a very small effect on the elongation of the cells, but it influences their radial expansion. Also, the qualitative impact of the orientation of microfibrils in the upper and lower parts of cell walls on the deformation of plant tissues does not depend on the actual values for the tensile forces and turgor pressure, and the increase in tensile traction or turgor pressure results only in the corresponding increase in the maximal values for the displacements.

The staggered distribution of cells in a plant tissue induces a different tissue tension than in the case of a tissue without a shift in the positions of neighbouring cells. Also, the staggered distribution of cells allows for larger deformations and larger values of the diagonal components of the strain tensor. This can be explained by the fact that the upper and lower parts of the cell walls are not equilibrated by the upper and lower parts from the neighbouring cells. The higher maximal values of the displacements in the negative $\documentclass[12pt]{minimal}
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                \begin{document}$$x_2$$\end{document}$-directions for the geometries with the staggered distribution of cells, compared to the geometry without a shift in the positions of the neighbouring cells, constitute a noticeable difference between three geometries considered here. Also, for the geometry without a shift in the positions of neighbouring cells along the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-axis, we have a uniform deformation of the side walls, whereas in the two other cases we observe nonuniform patterns in the displacement and larger values of the displacement occur near the lower and upper parts of the cell walls. The ability of larger and nonuniform deformations can be favourable for plants and may be one of the explanations for the staggered distribution of cells in plant tissues.

The orientation of microfibrils in the side walls has a strong impact on the deformation of the plant cell walls and tissues. If the microscopic structure of the side walls is given by the layers of the microfibrils rotated through the thickness of the cell wall, the maximal displacement in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-axis, constitute a nonintuitive result; see Tables [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"} and [9](#Tab9){ref-type="table"} (the corresponding values are in bold italic). These large values for the strain $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{e}_{33}$$\end{document}$ may be important for some stress-related signalling processes, e.g. related to the reorientation of microtubules (Hamant et al. [@CR14]). Comparing Tables [4](#Tab4){ref-type="table"} and [7](#Tab7){ref-type="table"}, we also see that the presence of the tensile traction boundary condition causes the displacements in the positive directions to increase by an order of magnitude.

We also obtain that the different pressures in neighbouring cells, which can be observed during the growth process, influence the direction of the maximal displacement; see Table [7](#Tab7){ref-type="table"} (here the maximal displacement in the $\documentclass[12pt]{minimal}
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Using the fact that for most cases considered here (besides the case (BC1), (C4) for the geometry where all four pairs of cells are shifted relative to each other) the maximal values for the displacement in the positive $\documentclass[12pt]{minimal}
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                \begin{document}$$x_3$$\end{document}$-direction. This quantity can be related to the measurements of the changes in the length (extension or compression) of strips or cylinders of an outer or inner tissue, respectively, due to the elimination of tissue tension by separating them from the plant hypocotyl (Hejnowicz and Sievers [@CR16]). In our numerical simulations, we used the same tension at the boundary of the plant tissue as in the experiments. The relative changes in the length obtained from our mathematical model range between 0.38 and 6.98 %, see Table [11](#Tab11){ref-type="table"}, and are in relatively good agreement with the experimental results ranging between 0.3 and 4.99 %; see Table [1](#Tab1){ref-type="table"} in Hejnowicz and Sievers ([@CR16]). The small relative changes in the length correspond to the case where no tensile forces were applied and to the case where the microstructure of the side cell walls was given by layers of rotated microfibrils. Notice that the comparison between the results obtained from our mathematical model and the experimental results must be taken with the caveat that the mathematical model is defined on the scale of a few cells, whereas the experiments are performed on the tissue level. However the good agreement between the model and experiments provides a basis for further analysis of the mechanical properties of plant tissues using our multiscale mathematical model. For a more accurate comparison to the tissue level experiments, our model can also be generalized to the tissue level, which will be the subject of future research.

Also, in our model we assumed that the microfibrils on the sides of the cell walls are arranged in fixed rings around the cells without considering possible sliding of the microfibrils during the expansion. The effect of the sliding of the microfibrils on the deformation of plant cells and tissues in combination with different arrangements of microfibrils in the upper and lower parts of the cell walls will be analysed in future studies. Moreover, we will consider the relation between the rotated macroscopic elasticity tensor, considered here to define the macroscopic elastic properties of the side walls comprising microfibrils rotated across the thickness of the cell walls, and the macroscopic elasticity tensor for a plywood-like microstructure obtained by applying the locally periodic homogenization (Ptashnyk [@CR29]).
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